THEORY OF TWO-COMPONENT GASDYNAMIC LASER
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In the present paper a numerical calculation is made of the vibrational relaxation of a binary
mixture of molecular nitrogen and carbon dioxide gas. The calculation is performed for the
entire range of variation of the concentrations of the components and over a wide range of
mixture temperatures and pressures for various geometries of the supersonic part of the
nozzle (throat dimensions, degree of expansion). It is shown that population inversion of the
CO, molecules exists within a certain range of variation of the parameters of the mixture and
the nozzle, The population inversion of the vibrational levels and the gain of the gaseous mix-
ture are calculated as functions of these parameters and of distance measured from the criti~
cal cross section of the nozzle. The energy characteristics of the two-component gasdynamic
laser are optimized,

The gasdynamic CO, laser was first suggested by Konyukhov and Prokhorov [1].

In the calculations of Basov et al. [2] it was shown that a population inversion could occur under cer-
tain conditions in the supersonic flow of a binary gas mixture in a Iaval nozzle. The values of the relaxa-
tion constants used in these calculations differ greatly (by one or two orders of magnitude) from the values
currently accepted in the literature, When the equations are solved using the improved values of the re-
laxation constants it is found [3~8] that under the conditions considered in [2] no population inversion oc~
curs in a binary mixture of nitrogen and carbon dioxide gas.

The experiments reported in [3, 5] also showed that under the conditions used in these papers the gain
of a binary mixture of nitrogen and carbon dioxide gas is negative,

Population inversion (positive gain) of the medium in a gasdynamic laser was obtained experiment~
ally using three-component mixtures {3-7, 9-12], the experimental results obtained in papers [6, 11, 12]
being in satisfactory agreement with theoretical calculations,

The possibility of obtaining population inversion in binary mixtures has been studied experimentally
and theoretically in a narrow range of variation of mixture concentrations and of the other parameters of
gasdynamic lasers (pressure, dimensions of critical part of nozzle, degree of expansion),

A necessary condition for population inversion in an expanding supersonic flow is that the character-
istic time of expansion of the flow 7, must be less than or of the same order as the relaxation time of the
upper laser level 73, and that 75 must be much greater than the relaxation time of the lower laser level 7,
i.e.,

3/ 1o 21, Ty [ T S>> 1 (1)

Utilizing the expressions for the time constants T,=[kyp]~!, 74=[¥ksp]~! (this formula holds when
the concentration of CO, gas in the mixture ¥, >10-3), 7,=hs/us tan¢, we find that the following conditions
are necessary for population inversion of CO, molecules in an expanding binary mixture:

0™ = uy tg @ / PohaDyhy = 1 (2)
o by > 1 (3)
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TABLE 1

Variant

o] Pxs Dehn, z, AN, X -4
No. T, °K atm o he,Cmy gg;n " g;;n S/8, Xio‘?‘lcm" am |x,cm
1 1000 | 10| 0.1 0.1 1 ] 0.37 9 0.4 (0.4 | —
2 10001 20 | 0.1 0.05] 1 | 0.37 9 0.9 |05 | 8.6
3 1000 | 100 0.1 0.01 1 0.37 9 4 0.6 5.6
4 1000 | 40 | 0.025 | 0.1 4 | 0.37 7 0.6 (045] 6
5 1000 | 200 | 0.005 [ 0.1 | 20 | 0.37 6.5 0.7 1003 —
6 1000 | 40 | 0.05 0.1 4 1074] 8.5 0.6 [0.19] —
7 1000 | 40 | 0.1 0.1 4 [ 1.5 12.9 0.4 |04 | —
8 2000 | 40 | 0.025 | 0.1 4 | 6.37 | 11.75 0.4
9 2000 40 | 0.1 0.1 4 | 1.5 50 04 |03 | —
10 N— 45 Here k, and k, are the rate constants associated with the re-
A¥1 em | o7 |t laxation of the lower and upper laser levels, respectively, ¥, is the
/ -7 2 molar concentration of CO, gas, ¢ is the semiangle of the diverging
a5 , nd dpzs part of the nozzle near the critical cross section, hx is the width of
/7 — B ::>~’\ the critical cross section of the nozzle, and px and u, denote the
AT /4’ pressure and the velocity of sound in the critical part of the nozzle.
/i 5/
4 5 75 w 7.5 When inequality (2) is satisfied, the upper laser level of the two-
Fig. 1 component mixture is frozen [7]; inequality (3) means that the lower

laser level relaxes more rapidly than the upper. Both conditions (2)
and (3) for achieving population inversion are satisfied at sufficiently
small CO, concentrations, i.e,, a range of parameters exists for which population inversion of the mole~
cules occurs, In accordance with (2) the concentration of CO, gas must be reduced with increasing pres-
sure andwidth of the critical cross section of the nozzle,

A quantitative description of the process of expansion and vibrational relaxation of a binary mixture
of molecular nitrogen and CO, gas was obtained by solving the appropriate set of differential equations,
The probabilities of the relaxation processes were taken from {13-20]. The set of equations is described
in detail in [17, 18].

The calculations were carried out for a planar wedge~shaped nozzle with 15° semiangle of the diverg-
ing portion, the diverging portion being fitted to a channel of constant cross section. The degree of expan-
sionof the nozzle, S/Sx was varied over a wide range. From the solution we determined the translational
temperature, density, and pressure of the gas along the flow, and also the distribution of the vibrational
temperatures of the molecules of nitrogen and CO, gas in the bending, symmetric, and antisymmetric modes.

The CO, populations of the laser levels, Ny and Ny, were determined by assuming the molecules
to be Boltzmann-distributed in energy within each mode of vibration.

The gain of the medium o for the P branch (J =20) of the collisionally broadened spectral line and
the populations of the vibrational levels of the CO, molecules were calculated for various temperatures
Tx and pressures px in the critical cross section of the nozzle, throat widths hx, and CO, concentrations
in the mixture ¥, We denote by x the distance from the critical cross section along the flow. The results
of the calculations are presented in Table 1, from which it can be seen that for small p*h* (p«h <5atm -cm
for T'x =1000°K) maximum population inversion ANy, and maximum gain occur on the flat part of the noz-
zle (see Fig. 1). The reason for this is that the lower level remains partially frozen in the diverging part
of the nozzle, and its population is depleted more rapidly (compared with the upper level) in the constant-
section channel for a constant gas density. The population inversion in the constant-section channel is
the greater the smaller the value of p,hy.

In Fig., 1 we have plotted the calculated maximum population inversion (curves 2, 4) and gain {(curves
1, 3) in the diverging (curves 3, 4) and constant-section (curves 1, 2) part of the nozzle as functions of S/Sx
(variant 2 in Table 1), It can be seen that maximum population inversion in the diverging and constant-sec-
tion parts of the nozzle occurs at different values of S/Sx. Thus, to achieve maximum population inversion
in the constant-section part of the nozzle, this part must be joined to the diverging part at (S/Sx); differing
from the value (S/ Sx), corresponding to maximum population inversion in the nozzle. The gain in the di-
verging and constant-section parts of the nozzle is likewise maximum for different values of S/S«. Popu-
lation inversion and gain expressed as functions of S/Sx are also maximal for different values of S/Sx.
We note that population inversion and a positive gain can be achieved at small degrees of expansion (S/8x% =~
5), when the pressure in the resonator region can exceed atmospheric.
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TABLE 2

Variant .

No. Ty, K | e Ry cm| % 518, ¢ Lemiem | Eo/Bs
1 1000 10 0.1 0.1 11.5 15 0.37 0.72
2 1000 20 0.05 0.1 11.8 15 0.37 0.72
3 1000 40 0.1 0.025 1.4 15 0.37 0.72
4 1000 40 0.1 0.1 11.5 15 1.5 0.28.
5 1000 100 0.01 0.1 11,7 15 0.37 0.72
6 2000 40 0.1 0.1 11.4 15 1.5 0.16.
7 2000 40 0.1 0.025 35.4 15 0.37 0.69
8 1000 40 0.1 0.05 10 35 0.74 0.74
9 1000 40 0.1 0.05 11.7 15 0.74 0.53
10 1000 10 0.1 0.05 9.6 15 0.185 0,85
11 1000 40 0.1 0.05 9.6 15 0.74 0.56
12 1000 100 0.1 0.05 9.6 15 1.85. 0.31
13 1000 200 0.1 0.05 9.6 15 0.37 0.69
14 1000 200 0.1 0.01 9.6 15 0.74 0.59
15 1000 500 0.1 0.01 9.6 15 1.85 0.34
16 1000 2000 0.1 0.01 9.6 15 7.4 0.078.
17 1000 500 0.1 0.02 9.6 15 0.37 0,76
18 1000 1000 0.1 0.02 9.6 15 0.74 0.59
19 1000 2500 0.1 0.02 9.6 15 1.85 0.32
20 1000 100 0.1 0 05 4.9 15 1.85 0.34

24 1000 100 0.1 0.05 14.8 15 1.85 0.32
22 1000 100 0.1 0.05 29.2 15 1.85 0.32
23 1800 18 0.1 0.05 38.8 15 0.34 0.4
24 1800 72 0.1 0.05 38.8 15 1.34 0.19
25 2500 100 0.1 0.05 86.3 15 1.85 0.125.
26 1800 7.2 0.1 0.05 39 15 0.134 0.618
27 1800 18 0.1 0.01 39 15 0.067 0.77
28 2500 2.5 0.1 0.05 86.2 15 0.047 0.60
29 2500 0.62 0.1 0.05 86.2 15 0.011 0.844
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Calculation of the energy characteristics of the gasdynamic CO, laser in the general case requires
the solution of a complex set of equations with a large number of parameters. Optimization of the param-
eters of the system is accordingly a complicated problem.

With a view to reducing the number of parameters by establishing the most important and discarding
the less significant, we utilize in the present paper an approximate model of the relaxation processes in
an expanding supersonic flow. In this model the temperature of the upper laser level T, is assumed equal
to the translational temperature T up to a certain section of the nozzle S', where it becomes "frozen,"
while the temperature of the lower laser level is assumed everywhere to equal the translational:

Ty3=1T when S, <SS (4
I's=T, when § > §' (5)
] T,=T (6)
The "maximum gain™ model [11, 19] is a particular case of the present model (S' =84«). We shall

show that within the framework of the present model the relative frozen temperature of the upper laser
level, T'3/T*, is approximately expressed as a function of a single parameter w.

The vibrational temperature T3 becomes frozen in the cross section S' in which the relaxation time
T 3 becomes comparable to the time of expansion, i.e., when

To/T3 = const ~ 1 (7

The ratio 7,/7; is a function of the following dimensionless quantities:

t/tg = of (&, v, A,-‘”'/T;k) (8)
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where y=Cp/ Cy is the adiabatic exponent (assumed constant in the present approximation), £ =x/ h, tang
is a dimensionless coordinate directed along the flow, and A; are factors in the exponent of the exponential
in the Landau—Teller expression for the rate constants of the relaxations,

Calculation shows that for expansion of the gas in a Laval nozzle the ratio 7,/r ; decreases mainly
because of the drop in pressure and not temperature, i.e.,

o (v, dp 8 | 1\ dT (9
l‘a;(?)—d;‘ >|W(f—:)7;
If the variation of 7(/74 is ascribed solely to the fall in pressure, then
To/t3 = of (€ 7) (10)

On inserting (10) into the condition for freezing (7) and remembering that T3/ T, within the framework
of the present model is a unique function of ¢ for a given 7, we see that the relative frozen temperature T'y/
Ty is a function of the two dimensionless parameters (T'% /Ty =F(w, 7).

For mixtures consisting mainly of nitrogen (¥, < 1), the adiabatic exponent vy is only weakly depend-
ent on the composition of the mixture and its temperature. Accordingly, in the first approximation,T's/ T
can be regarded as depending only on the single parameter w:

T)/T, = F (o) 11

In the present paper we cite the results of an analysis of a gasdynamic laser using the binary mix-
ture N,+CO,. A numerical solution of the problem using the complete set of gaskinetic equations (vari-
ants 1-8 in Table 2) and also an approximate calculation (variants 9-29 in Table 2) showed that over a wide
range of variation of the parameters (P, =10-250 atm, T, =1000-2500°K, $,=0,002-0,1, hy =0,1-0,01 cm)
the relative frozen temperature T'3/ T, can be regarded approximately as a function of the single parameter
w (Fig, 2). This function can be approximated by the following formula:

Ty /T, = (0.0270%8 4 1)~ (12)

In Fig. 2 the points 1, 2, 3, 4, 5 correspond to T, =1000, 1000, 1800, 2000, 2500°K; the points 2 and
4 were obtained by solving the complete set of equations,

An approximation calculation of the frozen temperature of the upper laser level (variants 9-29 in
Table 2) was made using the assumption of equilibrium between the v=1 level of the nitrogen molecule and
the 00°1 level of carbon-dioxide gas. The relaxation equations for the energy were solved in the linearized
Landau—Teller form [8, 10],

The calculation showed that for values of the product pxhx=10 atm -cm for a binary mixture with
¥y < 1 in the temperature interval T, =600-2600°K for the investigated degrees of expansion, the assump-
tion that the temperature of the lower laser level equals the translational temperature of the gasat the exit
from the Laval nozzle T, is quite well obeyed.

The specific energy of the stimulated emission per unit mass of the mixture (on the assumption that
the vibrational energy stored in the upper laser level is converted into the energy of stimulated emission
in an ideal resonator without losses on relaxation until the gain of the medium « falls to zero) was calcu-
lated using the formula

E=mny[E;+Es(@a=0)] N/p (13)
where EgN/u is the specific energy of the vibrational mode of the upper laser level, frozen in the Laval
nozzle; Eg(@ =0) is the residual energy of the upper laser level at a =0, which corresponds to the condition

T,=1,78T¢; 77=0.41 is the quantum efficiency of the laser; N is Avogadro's number; and y is the molec-
ular weight of the mixture. The energy E,; was calculated from

E; = kv [exp (8, / T5') — 11 14

where v and 6 ; denote the frequency and the characteristic temperature of the upper laser level, The quan-
tity T was determined from (12),

The radiation energy from unit volume of medium in the resonator region is given by W=Ep, where
p is the density of the gas. The laser efficiency 7 was determined through the formula

M =Ee(T,) — e (Tl
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where ¢ is the free energy, T, is the temperature in the combustion
chamber, and T, is the initial temperature (taken as 300°K in the
calculations).

\ ‘ The above energy characteristics of the gasdynamic laser
\ \ \ will be calculated using the following initial parameters: Tx; px;
2500\ 2000 1509 0 theparameter z =pxh 0/ tan ¢, proportionalto w for a given tem-
s 750 perature; and the degree of expansion of the nozzle S/ S«, equal to
w? o’ / z atmeem?? the area of the outlet cross section of the nozzle where it goes over
into the plane-parallel channel divided by the area of the critical
cross section.,

0"

W /P, I/liter/atm

Fig. 5

For a binary mixture with ¥, <1 and y =const, the specific energy of the coherent radiation from unit
mass E [see (13)] and the efficiency 7 can be expressed through the initial parameters

E =E(T*, z, S/S*)1 n =7|(T*7 Z, S/S*) (15)
The radiation energy from unit volume of the medium is expressed by the formula
W = P,® (T, z, 5/8y) (16)

An analysis of (15) shows that E and 7 increase with increasing S/ 8, and decreasing z and tend to-
wards their maximal values when z—0 and S/S% — ©,With increasing S/ S« the functions E and 7 rapidly
enter a region of saturation, so that we shall restrict 8/Sx to values for which E(T«, z, S/Sx) =0,9 E(Tx,
z, ), This value of S/ S corresponding to 0.9E we denote by Sy/S*. SinceSy/Sx =S,/8x (T, Z), it follows
that E can be represented as a function of any two of the variables from S, Tx, z. The results of the cal-
culation of E(Sy/Sx, z, T«) are presented in Fig, 3.

This figure shows two families of intersecting curves corresponding to E =E(So/ S4) for T*=const
(solid curves)andfor z =const, (dot-dashed curves). The numbers appended to the curves denote the values
of T, (deg K) and z (atm - cm), respectively. For given values of Txand z these curves can be used to find
the optimum degree of expansion S,/ S« and the corresponding value of the energy, Figure 4 shows analo-
gous plots of 7(Sy/Sx, Tx, z), Taking S/5* < Sy/S« for a given T« and z reduces the energy (efficiency) ; by
increasing the degree of expansion, which is usually undesirable, the energy (efficiency) canbe increased
by not more than !/ g-th of the value at the point Sy/Sx. If a single quantity is prescribed (T s =const or
7 =const), the point whose coordinates determine the optimum values of the two other parameters lies
either on the boundary of the investigated region of variation of the parameters (for example, for T x =const
we find that z =0) or within this region, For instance, for z=const (z=0,1) maximum efficiency (see Fig. 4)
is achieved within the region of calculation for intermediate values of Sy/ Sx and Tx.

The specific radiation energy from unit volume of the medium W when situated in the resonator is
directly proportional to the pressure in the critical cross section of the nozzle (16). All four parameters
in (16) are then regarded as independent. The number of independent parameters can be reduced to three
by considering the function W/Px (specific energy from unit volume at 1 atm pressure in the critical cross
section). For each z optimum values of the parameters T, and S/ S« exist for which W/ Py is a maximum
(Fig, 5). Figure 5 shows plots of W/ Pyversus z for various values of T « (the numbers appended to the var-
ious curves denote Ty in deg K) and §/Sx=5. This family of curves has an envelope on which is achieved,
for each value of z and S/8,=5, the maximum W/ P and the optimum T x. Similar envelopes can be con-
structed for other values of S/ S, . In this manner, the optimum value of T« is a fanction of z and 5/ S, .
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Figure 6 shows a parametric net of z (dot~-dashed curves) and S/Sx (solid curves), The point on the

graph corresponding to a pair of values of z and S/Sx determines the optimum value of T, and the assoc-
iated maximum (for the given z and S/S«) value of W/ P,. Choosing a temperature T x different from opti-
mal reduces the value of W/P*,

Figure 7 corresponds to Fig. 6 plotted in other coordinates. The parametric net of S/ S« (dotted curve

and solid curves) and T, (dot-dashed curves) can be used to determine, for given S S* and z, the optimum
temperature T, and the associated value of W/P,.

It can be seen from Fig. 7 that the radiation energy from unit volume W can be increased by increas-

ing the temperature of the mixture in the combustion chamber of the laser and by letting z tend to zero at
S/Sx equal to around five. This value of S/Sx can be regarded as the optimum for all T« and z, i.e., W/P,
is a maximum for S/S.<5,

The simplified method described in the present paper can be used to determine the approximate opti-

mum values of the parameters of a gasdynamic laser with a two-component mixture and an ideal resona-
tor., Ifnecessary, the position of the optimum can be refined by a more exact calculation within narrow
limits of variation of the parameters in the vicinity of the optimum found in the first approximation,

The approach used by us (representation of the relative frozen temperature T;/ T4 as a function of

the single parameter w) may be useful in optimizing the performance of three-component gasdynamic lasers.

The paper by Gembarzhevskii et al, [21] appeared after the present paper had been submitted to the

press. These authors obtained amplification using a binary mixture of 10%CO, and 90% N,, which confirms
the conclusions of the present work.
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